MALLIAVIN CALCULUS FOR LIE GROUP- VALUED WIENER 

FUNCTIONS 

TAI MELCHER 



Abstract. Let G be a Lie group equipped with a set of left invariant vector 
fields. These vector fields generate a function ^ on Wiener space into G via 
the stochastic version of Cartan's rolling map. It is shown here that, for any 
smooth function / with compact support, is Malliavin differentiable to all 
orders and these derivatives belong to LP{fi) for all p > 1, where fi is Wiener 
measure. 
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1. Introduction 

Malliavin [11] [12] first introduced the notion of derivatives of Wiener functionals 
as part of a program for producing a probabilistic proof of the celebrated Hormander 
Theorem, which states that solutions to certain stochastic differential equations 
have smooth transition densities. The purpose of the present paper is to show that, 
under certain conditions, functions of these solutions are "Malliavin smooth," in 
the sense that they belong to Sobolev spaces of all orders. Malliavin calculus has 
found applications in many aspects of classical and stochastic analysis. In partic- 
ular, applications of the following result to heat kernel inequalities of hypoelliptic 
operators can be found in |15| . 

Let G be a Lie group with identity e, and let {Xij^^j^ be a set of left invariant 
vector fields. Let ^(R*"') denote standard fc-dimensional path space equipped with 
Wiener measure /i, and let ^ : [0, 1] x W{M.^) — > G denote the solution to the 
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Stratonovich stochastic differential equation 

k 



dit = ^ X,(Ct) o db\ with ^0 = e, 



1=1 

where {h^ , . . . ,h^) is a /c-dimensional Brownian motion. Then, for all / G C^{G), 
f{£,t) is Malliavin difTerentiable to all orders, and these derivatives are in for 
all p > 1. Theorem 12.91 states this result explicitly and gives an expression for the 
first order derivative of f{£,t)- 

Regularity results of this type have been known for manifolds equipped with vec- 
tor fields satisfying certain boundedness conditions. For example, /(^t) is Malliavin 
smooth when M is a compact Riemannian manifold, or, more generally, when AI 
is diffeomorphic to a closed submanifold of , and this diffeomorphism induces 
a mapping on the vector fields to vector fields on which have at most linear 
growth and bounded derivatives of all orders; see Taniguchi [22]. These previous 
results are not sufficient for a set of general left invariant vector fields on a Lie 
group, as the following example demonstrates. 

Example 1.1. Let g be the 4-dimensional algebra defined in a basis {^i, X2, X3, X4} 
by the brackets 

[Xi,X2]^X3 and [Xi,X3]=X4, 

where the other brackets (except those obtained by anticommutativity) are 0. It 
can be shown (for example, via the Baker-Campbell-Hausdorff formula) that the 
associated Lie group may be realized as M.'^ with the group operation given compo- 
nentwise as 

[(a, 6, c, d) ■ (a', 6', c', d')]i = a + a' 
[{a,b,c,d)-{a',b',c',d')]2=b + b' 

[{a, b, c, d) ■ (a', b', c', d% =c + c' + ^{ab' - a'b) 

[(a, 5, c, d) ■ (a', 5', c', d')]i = d + d' + i(ac' - a'c) 

+ ^{a^b' - aa'b - aa'b' + [a'fb) 

Now let X = (1,0,0,0) at e = (0,0,0,0) in G. Extending X to a left invariant 
vector field in the usual way gives. 



X{a,b,c,d) — L(^a,b,c,d)*^i — ^ 



d 
de 



(a,6,c, d) ■ (£,0,0,0) 

£=0 

{a + e,b,c be, d ce H {—abe + te^)) 



2 ' 2 12 



(1,0,-^6,-^0- —ab). 
^ ' ' 2 ' 2 12 ^ 
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So if {w, X, y, z) are the standard coordinates in G = 



^ d I d fl I \ 

X = — X— — y H wx 

dw 2 dy V2 12 / 



d_ 

dz 



Thus, the standard coordinate representation for this vector field has non-linear 
coefficients. 

Section 12. f I sets up the notation for this paper and recalls standard definitions 
and notions of differentiability on Wiener space. Section [2T2l gives the main result 
in Theorem 12.91 and Section [3] presents the proof. 

Acknowledgement. I thank Bruce Driver for suggesting this problem and for 
many valuable discussions throughout the preparation of this work. 



2.1. Wiener space calculus. This section contains a brief introduction to basic 
Wiener space definitions of differentiability. For a more complete exposition, consult 
[IlilllllinilinillllllTlIlllESlEl] and references contained therein. In particular, 
the first two chapters of Nualart [TB] and Chapter V of Ikeda and Watanabe are 
cited often here. 

Let {W {M}') , J- , ^) denote classical k-dimensional Wiener space. That is, W = 
WiM}') is the Banach space of continuous paths w : [0, 1] — > R*^ such that loq — 
equipped with the supremum norm 



/i is standard Wiener measure, and is the completion of the Borel tr-field on W 
with respect to /i. By definition of /i, the process 



is an R*^ Brownian motion. For those uj which are absolutely continuous, let 



denote the energy of uj. The Cameron-Martin space is the Hilbert space of finite 
energy paths, 

,^ = ^(M'') := {uj e W{M!') : UJ is absolutely continuous and E{uj) < oo}, 
equipped with the inner product 



More generally, for any finite dimensional vector space V equipped with an inner 
product, let W{V) denote path space on V, and J^{V) denote the set of Cameron- 
Martin paths, where the definitions are completely analogous, replacing the inner 
products and norms where necessary. 



2. Background and main result 



btiu;)^{bliu;),...,bUu^))=u;t 





hs ■ ks ds, for all h,k ^ . 
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Definition 2.1. Denote by S the class of smooth cylinder functionals, random 
variables F : ^ M such that 



(2.1) Fiu)^ f{ujt,,...,LOtJ, 



for some n > 1, < ti < • • ■ < t„ < 1, and function / G Cf°((M'^)"), the functions 



/ e C°°(R''") such that / and all of its partial derivatives have at most polynomial 
growth. For E' be a real separable Hilbert space, let Se be the set of i^-valued 
smooth cylinder functions F : W ^ E oi the form 

m 

(2.2) E^^^F.e,, 

3 = 1 

for some m > 1, £ E, and Fj £ S. 

Definition 2.2. Fix h £ ^ . The directional derivative of a smooth cylinder 
functional G 5 of the form p.ip along h is given by 



F(c^ + e;i) = ^V7(c^ti, 



where V'/ is the gradient of / with respect to the i variable. 

The following integration by parts result is standard; see for example Theorem 
8.2.2 of Hsu f6j. 

Proposition 2.3. Lei F,G eS and he,M'. Then 

{dhF,G)^^{F,dlG)^, 
where = -dh + hs ■ dbg. 

Definition 2.4. The gradient of a smooth cylinder functional F G 5 is the random 
process D^F taking values in Jif such that {DF, h) j^^ = dhF. It may be determined 
that, for F of the form (PT|) . 

n 

DtF = Y,V'f{uJt,,...,^u){Uht), 

where s l\t ~ min{s,t}. For F G Se of the form (|2.2p . define the derivative DtF 
to be the random process taking values in M' ® E given by 

m 

Iterations of the derivative for smooth functionals F E S are given by 
Dl_,^F = Dt,---Dt,F€,^^\ 

for fc G N. For F G Se, 

m 

D^F = ^D^Fj®ej, 
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and these are measurable functions defined almost everywhere on [0, f]*^ x W . The 
operator D on Se is closable, and there exist closed extensions to Lp{W , M'®^® 
E); see, for example [18], Theorem 8.28 of [6], or Theorem 8.5 of [8]. Denote the 
closure of the derivative operator also by D and the domain of D'' in £^([0, 1]*^ x W) 
by V'^'P, which is the completion of the family of smooth Wiener functional S with 
respect to the seminorm || • ||fc,p,_B on Se given by 




i/p 



for any p > 1. Let 



V^^°°{E) Pi V^'P{E) and V°°{E) fl ^'''^(^)- 

P>i p>ifc>i 

When £; = M, write 2?'=^p(R) = V^^p , V^^°^{M.) = V'''°°, and P°°(R) = V°°. Also 
let 

p>i 

The notion of Sobolev spaces of Wiener functionals was first introduced by Shigekawa 
[m and Stroock [20l|2T]. 

The operator dh on S is also closable, and there exists a closed extension of 
9^,1 • • ■ dfik to LP{fj.). Denote the closure of dh also by dh, with domain Dom(9/i). 
Denote by G'^'P the class of functions F G Lp{h) such that dh^ ■ ■ -dhjF e LP{^), 
for all /i^, ... , e j = 1, . . . , /c. The norm on G'^'P is given by 



i/p 



where 

= sup{|5„i • --dh^Fl -.h'eJf, \h'U < 1} 

is the operator norm on the space of continuous linear functionals (Jf®^)*. 

The following result follows from Proposition 5.4.6 and Corollary 5.4.7 of [2]. 
(Note that the space V'^'P here corresponds to the space W'^'P in that text.) 

Theorem 2.5. For all k e N and p e (l,oo), V'^'P C G'^'P. In particular, for 
k = l, V^^P = G^'P, for all p e (1, oo). 

Definition 2.6. Let D* denote the L^(/i)-adjoint of the derivative operator D, 
which has domain in L?'{W x [0, 1], consisting of functions G such that 

mDF,G)M\<C\\F\\m^), 

for all F £ I?^'^, where C is a constant depending on G. For those functions G in 
the domain of D* , D*G is the element of such that 

¥.[FD*G] ='E[{DF,G)^]. 
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It is known that D is a continuous operator from 1)°° to V°° iM') , and similarly, 
D* is continuous from to see for example Theorem V-8.1 and its 

corollary in [8^ . 

2.2. Lie group- valued Wiener functions. Let G be a Lie group with Lie algebra 
g — Lie(G) and identity element e, and let Lg denote left translation by an element 
g € G, and Rg denote right translation. Suppose {X^j^L^ C fl, and let go := 
span({Xi}*^^j). Let (•, •) be any inner product on g, and extend (•, •) to a right 
invariant metric on G by defining (•, •)g : TgG x TgG ^ M as 

{v,w)g := (Rg-i^v,Rg-i^w) , for all v,w e TgG. 
The g subscript will be suppressed when there is no chance of confusion. 

Notation 2.7. Given an element X e g, let X denote the left invariant vector field 
on G such that ^(e) = X, where e is the identity of G. Recall that X left invariant 
means that the vector field commutes with left translation in the following way: 

X{f0Lg)^iXf)0Lg, 

for all / £ G^(G). Let X denote the right invariant vector field associated to X. 

Notation 2.8. Let Ad : G End(g) denote the adjoint representation of G with 
differential ad d{Ad) : g End(g). That is, Ad{g) ~ Adg = Lg*i?g-i,, for all 
g £ G, and a,d{X) — adx = [X, ■], for all X £ q. For any function ip e C^{G), 
define V(p, V<p : G ^ g such that, for any g £ G and X G g, 

(Vp{g),x) := {d^{g),Rg,X) = {X^){g) 

and 

(Vvp(ff),x) {dip{g),Lg,X) = iX^)ig). 

Then, 

for all X,Y E g, and similarly for VV(/9. 

Now suppose {bl}^^i are k independent real- valued Brownian motions. Then 

fe 

i=l 

is a (goi('i')) Brownian motion. In the sequel, the convention of simiming over 
repeated upper and lower indices will be observed. For h = {h^, . . . ,h^) e J^, let 
h :— Xih^ S J^{go)- Let ^ : [0, 1] x ^ G denote the solution to the Stratonovich 
stochastic differential equation 

(2.3) d^t = 6 ° dbt := L^^* o dbt = L^^^Xi o db\ = ^^(^t) o db\, with = e. 
The solution ^ exists by standard theory; see, for example. Theorem V-1.1 of [8]. 



d 
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Theorem 2.9. For any f e C^{G), /(Ct) £ V°° for all t e [0, 1]. In particular, 
e ^(^M*^ and 

[DUmy = ^ ^* Ad^^ X, dr 

for i — 1, . . . ,k, componentwise in J^tf , and for any h G J^, 

dhlfm = (v/(6), Adj, X,) /i; dr. 

The proof of this theorem goes through a series of convergence arguments for 
solutions to two cutoff versions of Equation (|2.3p . It is necessary to first consider a 
version with vector fields modified by a cutoff function which is compactly supported 
on G so that Taniguchi's result may be applied. Another cutoff function which is 
compactly supported on End(0) is then required to resolve certain convergence 
issues which arise with the derivatives (see Propositions l3.7l and l3.8l below). Set the 
following notation for cutoff functions for the sequel. 

Notation 2.10. Let \g\ denote the distance from a point g G G to e with respect to 
the right invariant metric. Let {(pm}m=i G^{G, [0, 1]) be a sequence of functions, 
(pm T li such that fm{g) = 1 when j^l < m and sup,„supgg(3 |V'^(pm((/)| < oo for 
fc = 0, 1, 2, . . .; see Lemma 3.6 of Driver and Gross 5J. 

Fix ij) e C;?°(End(g), [0, 1]) so that ip = I near / and ijj{x) = if \x\ > 2, where 
I • I is the distance from / with respect to any metric on End(0), and define 



ip{x + eA), 



=0 

for any A G End(g). Take v{g) :— ip{Adg) and Um{g) ■— 'fim{g)v{g)- 



3. Proof of Theorem 12.91 

There are several standard convergence results on matrix groups which are as- 
sumed in the sequel. For the sake of completeness (and since they do not seem to 
exist in one place in the current literature) , these are compiled in the note |16| . 

The following proposition will be used repeatedly; see for example Driver [4]. 

Proposition 3.1. Suppose p G [2,oo), at is a predictable -valued process, At is 
a predictable Y{om{QQ,W^) -valued process, and 

Yt := [ Ar dbr + [ ar dr = f ArXi db\. + f ar dr, 
Jo Jq Jq Jq 

where {b^, . . . , 5*^} are k independent real Brownian motions. Then 

p/2 



¥.snp \Yr\P <Cp\e( [ \ArfdT 
T<t \Jo 



E 
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where 



1=1 ij 

Notation 3.2. Let (5„ denote constants such that hm„_^oo Sn = 0. Also, write 
f ^ g, ii there is a positive constant C so that / < Cg. 

Lemma 3.3. Let u G C^{G) such that u and Xu are hounded for all X G go- Then 
the solution r] : [0,1] x W ^ G to the stochastic differential equation 

drj — u{ri)rj o db := u{ri)L,-i* o db = u{ri)Xi{ri) o db^ , with rjo = e 
exists for all time; that is, rj has no explosion. 

Proof. Let ( be the hfe-time of 77 and <y9 G C^{G). Then on {t < Q, 
dip{vi) = u{ri)X^ip{ri) o db' = 14(77) (^viv)^ ^■i') o dh" ^ u (ry) (Vtp{r]),odb 

db 



= <V) {^V{v).db) + id [u(77) (V(^(77), 
= u{t^) (V(^(7,), db) + i (v [7/(77) (v</^(??), 



, db) db 



(3.1) 



7i(r;) ( Vip{r]),db) + i (Vu{i^),db) (Vip{Tj), db) + 77(77) <^VV(r;), d6 db) 



dt. 



u{ri) (Vip{ri),db 



1 

- ^ [(V7.(77), X,) (Vv^(77), X,) + 7.(7;) (VV(?7), ® X, 

i=l 



Let {</5m}m=i [0, 1]) be a sequence of functions as in Notation 12.101 

Then from Equation p.ip (using the convention that (pmivt) = 0, Vipmivt) = 0, 
and V^tpmivt) = on {t > (}) 



+ 1 [ I] [(V7/(77),X,)(Vv?™(?7),X,)+7/(77)(vVm('7),X, ® 

Taking the expectation of this equation then gives 

E bm(??t)] = 1 + (5m, 

where 

i^^E f ^ [(|vu(77),XiJ> (|V(^„(77),X,J> +7i(r;)(|vVm('7),^i« 

■ 1 



dr. 
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Now by construction of the ipm and the assumptions on u, there is a constant 
M < oo such that 



< M. 



Moreover, hnim^oo 



= = hnim^c 



So it follows by the dominated 



convergence theorem that lim„j^oo <5m — 0, and 

1 - lim E = E [ lim = El{t<c} - P{t < C); 

7n — *oo \_m — *oo J 

that is, C = oo /i-a.s. ■ 
Now let u e C^{G), and suppose r/ : [0, 1] x #' ^ G is a solution to the stochastic 
differential equation 

(3.2) drj — u{rj)rj o db :~ u{ri)Lri^ o db — u(ri)Xi{ri) o db^ . 

The previous lemma implies that the solution rj exists for all time. Since the vector 
fields uXi have compact support, G may be embedded as a Euclidean submanifold 
in a "nice" way so that the embedded vector fields are bounded with bounded 
derivatives. Then Theorem 2.1 of Taniguchi 22J implies that, for any / e C^{G), 
the function /(?/t) € 

Proposition 3.4. Fix h e J^f, and let rj be the solution to Equation iS.S^) . Then, 
forfeC^iG), 

dhf{vt) = {vf[m).et), 

where 9t '■ ^ Q solves 

(3.3) {{^^i^)^^) ^'^v°db + u{ri)Adr,dh 
Writing this in ltd form gives 



\/u{ri),e) Ad,, db + u{ri) Ad,, dh 



1 

(yi7u{ri),X, ® e\ Ad,, X, dr 



2 ^ \ 

i=i 



Proof. Let r|^ := rit{- + sh) : [0, 1]'^ xW ^ G. Then 77I satisfies the Stratonovich 
equation in t, 

(3.4) 



d?7j = u{T]^)Lrii* [odbt + sdht 

By Corollary 4.3 of Driver [3], there exists a modification of 77^ so that the mapping 
s 1-^ r/j is smooth in the sense that, for any function / e C^{G), s 1-^ fiVt) is 
smooth, and, furthermore, for any one- form "i? acting on Tj^bG, 



(3.5) 



d_ 

ds 



"'O 



dd 



T = 
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Let I? be the g- valued one-form such that •d{X) — X, for all X E g. Since d is 
right invariant, the two- form di^ satisfies the identity 

di9 = 1? A i9 

where i? A ^iX,Y) [^X),^{Y)] for any X,Y e q; see for example p. Let 
^ (flo^t)' so that ^|j,r;f = R^^,9t. Thus, 

(9 



9s 



Ad^l = d Ad (6*4) Ad^^ = ade^ Ad 







By Equation (|3.5 

'd_ 

ds 



d_ 

ds 



d 



ds 



"'O 



Ad^s (^odbr + sdh-r^ — / 9r,u(rjt) Adr/^ odbr 



Vu{riT-), Orj Ad^^ 0^67- + u(77t) adg^ Ad^^ od^r -f ^(774) Ad^^ dhj- 
t ^ 

Or,u{rit) odbr 



Wu{rjr), 0T ) Ad^^ odbr + u{rjr) Ad^^ d/i,- 



and for any / e Cf'(G), 
9 



9/1 /(??t 



9* 



/(^?t)-(V/(7?t),^ 



Now, to write this equation in Ito form, first note that 
d Ad^ = u{r]) Adji o ad^j 



u{tj) Ad^ ad^j-fi ^(vu{r]),dbj Ad^ +u^(?7) Ad^ ad^g 



(3.6) 



1 

i(r7) Ad,, ad^j+- ^ [(vm(?7), AT^^ Ad,, adx. Wiv) Ad,, ad; 



dt, 



where ad ,r — adx^ db^ . This then implies 



Vu(77),6') Ad 



• db = 



Wu{T]),db ® 6*^ Ad,, (yu{ri),0J u{r]) Ad,, ad^g 

^ VVu(ry), Xi ® 61^ Ad,, {|v?i(?7), 61^ Ad,, adx 
1=1 

k 

/vVu(?7), X, (g) 6i\ Ad,, X, dt. 



d6 



Xdt 
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using that adx X ~ [X, X] = 0. Therefore, 



61) Ad, 



db 



1 

'Vu{r]),9'^ Ad,, db+-Y^ (vVu{-q),X, Ad,, X, dt, 

i=l 

and 9 satisfies the Ito differential equation 

1 

de = (v-u(?7), 0\ Ad^ db + u{r]) Ad,, dh+ - /vVw(?7), X, ® 9) Ad,, X, dt. 



Remark 3.5. For u„i = (pmV, the foUowing derivative formulae hold: 
and 

Proposition 3.6. Let rj™' : [0,1] x W ^ G denote the solution to the equation 

, , dll^ ^ Umirin^'^ O db = ^raivn^iv'^W ° db 

(3.7) 

= V3„,(?7™)V'(Ad,,™)77™ o db, with rf^ = e, 
and rj : [0,1] X W ^ G denote the solution to 
(3.8) dr] = v{'i])'i] o db = ip{Adj-i)ri o db, with rjQ = e. 

Then for all f G G^{G), 



hm Esup|/(r?r)-/(^r)r = 0, 

m— >oo T-<1 



/or aZZ p G (1, cxd). 



Proof. By Lemma 13.31 Equation p.7p has a global solution. Notice also that 
Xv{rf) = (?/''( Ad,,), adx) is bounded, so that Eguation p.Sp also has a global solu- 
tion. Then by Equation (|3.ip . 



1 

2 ^»)(^/('?")'^' 



+ w™(??")(V^/(77™),X,«.X, 
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and similarly, 



df{v) = v{7j)(Vfirj),db) 



dt. 



Thus, 



d[f{vn - fiv)] = UraWn (yf{v"'),dbj - vir^) (Vfirj),dbj 
k 

+ -Y,[{yuraivn,X,) (v/(ry™),X.) - (v«(r,),X.) {vfiv),X, 



+umiv"') ( V^/Ct?™), X,(g,XA- v{v) ( V^/(?7), X, ® X, 



Bound this expression by applying Proposition 13 . 1 1 to each term. For the first term, 
note that Um v boundedly, as m — > c», and this implies that 



E 



L 



Um(77")(V/(r7"), rf5) - t;(77)(V/(7?), 4 



i=l 



dT 



< 



IIV/llc 



\u^{ri"^)-viTj)\PdT^O, 



as m 00, by the dominated convergence theorem. Similarly, for the second term, 
Vum Vz) boundedly, as m — > oo, implies that 



E 



^Vu„(r;"),X,) (V/(r;"),X,) - ( Vi;(r7), X, ) ( V/(r;), X, 



dT 



< E 



(Vw™(r;"),X,) ( V/(7r),X.) - {Wv{v),X,){Wf{7j),X, 



dT 



< 



||V/||ec^E / Vu„(rr)- Vt.(77) 



dT 0, 



as TO —> GO, by the dominated convergence theorem. Finally, 



E 



/' 

Jo 



M™(r/") ( V^/(r;"),X, ® X,) - v{7^)(y'fir,),X,®X. 



dT 



E 



Umiv"^) ( V^/(r7"), X,®XA- v{v) ( V^/(r7), X, ® X, 



dT 



<||VV||ooE/ |u,„(77™)-«(77)rrfT^O, 
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as m ^ cxD, again by dominated convergence. Thus, 



lim Esup|/(r?r)-/(^r)r = 0, 



as desired. 



Proposition 3.7. Let C/™ = Ad^™ : W End(g) and Ut = Ad,,, : W End(0), 
which satisfy the stochastic differential equations 

(3.9) dt/™ = u„(r?'")C/™ o ad^g = </p„,(r;™)^(C/'")f/'" o ad^g, wzth = /, 
and 

(3.10) dU = v{ri)U o ad^g = %I){U)U o ad^g, mi/i C/q = /, 
where ad^g = a-djc^ dfe' . T/ien 

lim Esup|C/™ - ^7^^ = 0, 

m— >cx3 r<l 

for all p e (1, oo). 

Proof. Using Equation (|3.6p . rewrite (13. 9p and (|3.10|) in Ito form as 



dU"" = u, 



k 

,(r;'")C/'" ad,j+i ^ [(v^.™(77"), X,) (7™ adx, +^f„(?7'")(7'" ad; 



1 ^' 

'^™(^'")V'(t/'")C/'"ad,j + -^ 



i=l 



V^,„(77'"),^OV'(C^'")(^"'ad 



+ ^™(?7")V(C/™) (^-'(1/™), C/" adx.) C/™ adx. +^^^(rr)^'(C/™)f/" ad^ 



and 



dt 



dU = ?;(r/)C/ad^g + i^ [(vi;(77),X,) C/adx, +v\7j)U ad^^^ 
1=1 

= V(C/)f/ ad^,- +i J2 [^('^) (V-'CC^)' ^ adjf, ) U adx, +^'(C/)C/ ad^J dt. 



Let e" := t/" - U. Then by the above, 

(3.11) d£™ = (^™(7,™)V'(C/")C/™ - m)U) ad^j 



1 r 



V</p™(?7™),X,)^((7'")C/™ adx. 



+ (^„(7,")V'(C/") (^'(t/"), [/" adx.) C/" - m) (^'(C/), C/adx.) C/) adx. 



+ (^,2„(r;")^^ ({/")[/" - ^2(C/){/) ad^. 
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Again apply Proposition 13. II to work term by term to bound the above expression. 
Note first that, since ip has compact support, U and C/™ always remain in a fixed 
compact subset of End(g). Thus, 

rt 



E 



<E |(^™(77'")V(C/™);7"-V(t/)[/rdT 



< 



E/ |?/;(J7")C/™ -7^(C/)C/|^dT + E / |¥.„(?7") - l|P|^A(?7"')r dr 



<E / |e"|f dT + (5™, 



wherein the mean value inequality to x t-* ^l;{x)x is used to show that 
|V'(C/")C/" - ijiU)U\ < C(V')|J7" - C/| = C|e™|, 

and 

6,n = E / - inmni'' dr ^ o, 

Jo 

as m — » oo, by the dominated convergence theorem. Similarly, for the last term of 
the sum in (|3.1ip . 



E 



<E / - V^(C/)C/rdT + E / 1(^^(7/™) - llf|V([/™)pPdr 



<E / le'^lPdr + Sr, 



where the mean value inequality has now been applied to the function x >— > ■0^(x)a;, 
and 

<5„,=E / 1^2^(77™) -l|''|^(C/™)pfdT^O, 
"'0 

as m — > 00. For the second term, 

rt P 

E (v^„(7?"),X,)v(C/'")f/"adx, dr 



E 



dr 



V^™(77"),xAV'({/")(£™ + ;7) 



dr 



<E / |£™|Pdr + 5,„, 
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where 



V^„(77"),X,)^([/")C/ 



dr -> 0, 



as m — > oo, since lini,„^oo |Viy9„i| ~ 0. Finally, for the the third term, note first 
that 

^™(g")(^'((7'"),;7™adx.)C/™ 

= ^„,(r,™) (V-'CC/"), C/™ adxj + ^„.(r/™) (^'(C/™), (e" + U) adx,) U 
+ V5„(r,™)(V''(f/"),C/adxJ[/. 

Thus, 



E 



'^rairn (V^'CC/™), C/adx.) (7 - (V^'((7), C/adx.) rfr 
ft 

<E / \e"'\P dT + S^, 



where 

6^=E f |(^„(r,'")(^'(t/™),C/adx,)-(V'(;7),C/adx.)nt/|^'dr^0, 
Jo 

as m ^ oo, since (pm{v"^)'4'' {U"^) i^'iU) boimdedly. These bounds then imply 
that 



Esup|£™|f <C f |£™|PdT + 5,„, 
r<t Jo 



for all t e [0, 1]. Thus, by Gronwall's inequality. 



Esup |C/™ - C/^|f = Esup |e;"|'' < 5™e^ ^ 0, 

T<1 T<1 



as TO ^ oo. 



Proposition 3.8. Let 0™ : W ^ q he as in Equation i3. S]} with u replaced by u„ 
that is, 

(3.12) e^' = f ((|Vw„(?7"), Ad^™ od5 + umiv"") Ad^™ dK) . 



Then 



lim Esup |6i;"- 61^ |P = 0, 
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for all p £ (1, oo), where 9t : W ^ g is the solution to 

t 



(3.13) 







(^(\/v{Tj),e'^ Ad.,,odb + v{T])Adrj dh^ 
Proof. Let t/™ — Ad^™ and Ut = Ad^j. Rewrite Equation (|3.12p in Ito form as 

1 

+ 9 H {^^Ura iv"") , X, 0™) U'^X, dt. 



i=l 



Note that, formally, 9 is the solution to Equation l\'S.'S\i with u replaced by v (al- 
though V does not have compact support), and Equation (j3.13p in Ito form is 



de = (vv{t]),0'^ Ad,, db + v{t]) Ad,, dh+-^ (vWv{f]),X^ (g) 6*^ Ad,, Xi dt, 

4=1 

^Vi;(r;), 6'\ t/ d6 + w(?7)C/ dh+-J2 ( VVw(?7), X, ® 6*) UX^ dt. 



Let £™ 6*™ - 6* (so that 6*" = e" + 6). Then 



Vu„(77"),r') [/'" - (Vt;(r;),0) [/ K(r7™)C/™ - z;(77)[/] dh 



1 

[(vV^.™(r,"),X, 

i=l 



Considering the first term of this expression, 

'Vu„(7;"),0"y"-(Vt'(7?),0)c/ 

'vw™(77™),£™\ c/" + (v^/,„(7r),0) C/" - {\/v{7^),e)U. 



Using again that U and C/™ remain in a fixed compact subset of End(g), Proposition 
13.71 and the fact that Vum(?7™) Vv(ri) boundedly. 



E 

where 



t ^ 



Vw™(r;"),0'»)[/™-(Vi;(77),0)C/ 



E 



db 



Vu„(77"),0)C/™-(Vi;(?7),0)C/ 



dr -> 0, 



as m — > oo. The second term converges to since 



E 



[w™(r;")C/"-z;(7y)C/] dh 



p 




= E 









[fn^iv^vivnU"" - viv)U] dh 



0, 
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as m — > oo, by the dominated convergence theorem. For the third term, note that 



(vvu™(?7"), X, ®{e + e™)) [/" - (vvf (77), X, ®e)u 



X,, 



and so 



E 



X,dT 

■t 



< 







where 

S„r = E 



VVu,„(77'"),X, ® 0^ [/" - {^VVf (77), X, ® 0^ [/ 



as TO ^ 00, by the dominated convergence theorem, since VVum(7?" 
boundedly. 

Putting these bounds together then shows 



^0, 



:sup|4"|P < CE / |£™|f dr 

r<t Jo 



for aU t G [0, 1], and again applying Gronwall's inequahty gives 
Esup 16*;" -Orf = Esup |e;?|f < (5„e'=' 0, 

T<1 T<1 

as TO — > cxD, finishes the proof. ■ 

Proposition 3.9. Let rf"' be the solution to Equation {3. 7] ) and 9"^ be the solution 
to Equation ifO^) . Then, for anyheJf,fe C^{G), and t e [0, 1], 



9/./(o = ^v/(77r),er 

Furthermore, for rj the solution to US. 8\) and 9 the solution to iS.l!^) . 



Van E 



0, 



dHfWn-i^fimlOt] 

lib- — 'I_XJ \ 

for all p € (1, oo). 

Proof. The first claim follows immediately from Proposition l3.4l Now note that 



|9,J(??")-(V/(77), 



V/(r7'"),0")-(v/(r,) 



< 



V/(77™),r')-(V/(r7'"),0) + (V/(77'"),0)-(V/(r;) 



< |V/||0" 



|V/(ry")-V/(ry)||0|. 
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Thus, 



lim E 

m— *oo 



V/(?7),e 



< lim E 

7n—>-oo 



|V/||r'-0| + |V/(rr)-V/(77)||0|J =0, 

by Propositions 13.61 and 13.81 and the dominated convergence theorem. ■ 

Corollary 3.10. For any h e J^, f e C^{G), and t G [0,1], f{r]t) e Dom{dh) 
and 



This corollary follows from dh being a closed operator (taking dh = dh)- Now 
removing the cutoff functions completes the proof of the primary result of this 
paper. 

Proof of Theorem HH Let ij) £ C^(Eiid{Q), [0, 1]) be as in Notation ElOl 
and define Vn{g) ■— ij{n^^ Ad g). Let ^" : [0, 1] x — > G be the solution to the 
Stratonovich equation 

dC = Vn{C)C ° db, with Co = e. 

By Lemma [3.31 ^" exists for all time t G [0, 1]. Noting that u„ 1 and Vti„ — > 
boundedly as n ^ cx), an argument identical to that in Proposition 13 . 61 shows that, 
for aU / G C^iG), 

(3.14) 



lim Esup|/(e')-/(e.)r = 0, 



for all p G (1, oo). Note that this convergence implies that f{£,t) G L°° (/i). 
Now let Q -.W ^ Q denote the solution to 



(3.15) 



Ad^ dh^ Ad^^ X^h^. dr, 
Jo 

and let 8" : W g denote the solution to the Ito equation 
(3.16) de" = (Vvn iC) , 0") Adj-. db + Vn{C) Ad^- dh 

- (vVi>„(r), ® 9") Adj. X, dt, 



2 ^ \ 

i=l 



with 8n — 0. Now it must be shown that 



(3.17) 



lim Esupie!;- 9^1^ = 0, 



for all p G (1, oo). So let VF" = Ad^,. and W = Ad^. Then W'\ W -.W -> End(0) 
satisfy the equations 

(3.18) dW = 'f„(r)W"" ° ad^fc, with = /, 
and 

(3.19) dW o ad^j, with Wo = I. 
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Rewriting Equation (|3.16p . 0" solves 



d&' = (VVn (D , 0") W^'db + VniOW"" dh 

1 

+ 2 51 (^^^"(D, X, ® 6") WX, dt, 

2=1 

and Equation f^J5\i implies that dO = W dh. Thus, for e" 9" - 6, 
(3.20) de" = (Wvr^ (C) , ©") W"db+ (w„(r)W^" - M^)^/^ 

+ 9 II (vVt;„(r),X, ® 6") T^"X, dt. 



Since and IV solve Equations p.lSp and (|3.19p which have smooth, bounded 
coefficients, Theorem V-10.1 of Ikeda and Watanabe [8\ implies that W and 
are in I?°°(End(g)). Standard matrix group results imply that 

Hm E sup 114^;* - Wr ^ and hm E sup \dhW^ - dhWr 

for all p G (1, oo); see for example Propositions 6 and 8 in [16 . Furthermore, 

d^W"- = dh Ad^- = ade- Adf^ = ade^ W. 
This then implies that 

d 





vz;„(r),e" 



tp{n ^Adgte-fii) 



^ i(^'(„-iAdeO,ade"Ade.) - - (^'(n-^W^"), 



Thus, for the first term of Equation (|3.20p . 



{Vv^{C),Q'')W^db 



<E 



< 



p 




<E 


/'-I 




lo n 











as n oo, by the dominated convergence theorem. Similarly. 

1 

T2 



(VVz;„(r),X,0e"^ 

1 



{^j'^n-^W), W adx, ® ad©. Ad^.) 



ly" adx. (ddhW) 
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SO that 



E 



(VVf„(r),^.«'e")T4^"X,dT 



dr 



< 



E/ _ U"(n-W") |M^"n \dhW\PdT 



+ E / [—\^"{n-'W")\\W"\^] \dhW'' - dhW\P dr ^ 0, 



as n — > oo, again by dominated convergence. Finally, 



E 



(«n(r)VK" - W) dh 



< 



as n — * 00, by the dominated convergence theorem. Thus, (I3.17P is verified. 

Now, by Corollary EUni for any / G C^{G) and t G [0, 1], dh[fi^t)] S 
and 

5^.[/(er)] = (v/(er),erV 



Thus, by the same argument as in Proposition 13. 9[ Equations (|3.14p and p.l7p 
imply that 



lim E 

71— i-OO 



0, 



for all p G (1, oo). Since dh is a closed operator, this and /(^t) G L°° {p) together 
imply that /(^f) G Dom(9;i) and 

dhUm = (v/(6),et) = (i7f{^t),J^ Ad^^X.Kdr'j G L^-ifi). 
In particular, for any h G Jif such that = 1, 



Since 



/ Ad^^X^h^dT < ||V/||oo VE / lAd^^X.I^" dr. 
Jo Jo 



Esupl Adj^ \P < C, 

T<1 
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for some finite constant C (see, for example, the proof of Proposition 3 in [l6]). 
II/(6)IIgi.p < oo for allp £ (l,oo), where 

\\F\\gi.. - + (e sup IdhpA ; 

see SectionO Then by TheoreniESl /(^t) G X>i'°°, and 



imphes that 

(3.21) {Dsifmr = /v/(6), Ad^^ X, dr) , 



componentwise in J^. 

Finally, W = Ad^^ dr G X'°°(jr(End(0))) (see, for example. Proposition 5 
in [IS]). Combined with Equation ([XH]) . this shows that f{^t) e 2?°°, for all 
/ e C;?°(G') and i e [0,1]. ■ 
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